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differential equations, they can also be solved in the case of practical importance of piece-
wise-constant functions aijm (4, ¥ % that model a fibrous material or composite comprised or a
periodic system of grains and a material filling the space between them. In this case the
following continuity conditions on the grain surface /1, 2/

[U§¥) = 0, iblgng + blgns] = 0 (1.8)
(V%] = 0, (Fef’ng + clymel = 0
must be appended to the local problems.

Here n; are components of the vector normal to the contact surface, where we have Auw’=
in (3.8) and (4.6).

0
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VARIATIONAL METHODS IN THREE-DIMENSIONAL PROBLEMS OF
NON-STATIONARY INTERACTION OF ELASTIC BODIES WITH FRICTION"

A.A. SPEKTOR

Three-dimensional contact problems are examined for the interaction between
a moving elastic body and an elastic foundation under friction conditions.
The desired friction force and slip fields depend on the time. A boundary
value problem is formulated in the velocities and is reduced to a parabolic
variational inequality. 1Its difference approximation is proposed and will
be used to provide a foundation for formulating the problem in increments.
A number of methods is proposed for the numerical solution of the problem.
The time behaviour of the solution of the non-stationary problem is
investigated. The non-stationarity effects in contact problems with
friction are considered first under conditions of body displacement
relative to the foundation /1/. Three-dimensional problems formulated in
increments of the desired functions were studied in /2/. OQuasistatic
problems in increments and dynamic problems on the contact between a stamp
and elastic solid of finite size were investigated /3/. The method of
reducing the non-stationary parabolic problems to sequences of variational
problems (in application to viscoplastic flow problems) was used in /4, 5/.

1. Kinematic relationships. Boundary conditions. We examine the motion of an
elastic body on an elastic foundation with a plane surface. We consider the velocities of the
*prikl.Matem.Mekhan. ,51,1,76-83,1987
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surfaces making contact to be made up of the velocities of the solid and the foundation,
considered as absolutely rigid, and additional velocities that occur due to elastic strains in
the contact domain. We introduce an Ozyz system of coordinates with origin at the point of
tangency between the solid and the foundation in the undeformed state, moving over the foun-
dation with a velocity of this point V (V,, V,). Let v (v, %, v,®) be the field of tangential
velocities of the solid and foundation surfaces in the neighbourhood of the point O without
taking account of the elastic strains, and u¥ (u,t, u,%) are the elastic tangential displacements
of points of these surfaces. Then for the total tangential velocities s* and the slip velocities
of the surfaces in the contact domain S8 we will have

gt .
gt vk L = =v¥  u't - vEgradu® (1.1}
8=v-+4u —Vgradu, v=v"—v", u==u*—u’, u'=ag'7'- (1.2)

Assuming henceforth that v is a function of z,y,t, we consider for simplicity that the
velocity v does not change with time.

The three components on the right-hand side of the first equality in (1.2) define the
"hard" local component (because of non-statiocnarity of the process) and the transfer component
(because of coordinate system motion) of the slip velocity. Together with the general case
of taking account of all the components mentioned (for example, during roll with slip) we
will also consider the case of slow body motion when the transfer velocities are much less
than the remaining slip components and cannot be taken into account. This occurs during a
displacement with respect to the foundation of a body initially at rest when its displacement
velocity is of the order of the elastic strain rates.

The boundary conditions, which are referred to the z =0 plane because the contact is
local, will have the form

w=wt—w>8—ff=F0,=|1t|=0 (1.3)
w=F, 0,0
Is|=0, |v|< —p (o) 0. (1.4)

8] >0, 1= —p(o,;)0.8/s]|

where wt are elastic normal displacements of the body and foundation surfaces, 0, are normal
stresses, ¥ (tx, Ty;) tangential stresses on the surface, f* 1is the function giving the body
surface, and 8 is the normal closure between the body and the foundation, We consider the
function F to be independent of time.

Relationships (1.3) describe the free body and foundation surfaces and their contact
domain, while relationships (1.4) describe the friction conditions in the contact domain {in
the adhesion and slip domains). We confine ourselves below to cases when problem (1.3) of
determining the contact domain and its normal stresses is separated from problem (1.4) of
finding the friction forces. In particular, for identical elastic constants of the body and
the foundation this will be either when one of them is incompressible, and the other is
absolutely rigid, or both are incompressible. We shall later investigate problem (1.4) under
the assumption that ¢,, are determined in the contact domain E. Methods of finding them and
examples of calculations are given in /6-8/, say.

Using the same expressions for the surface displacements as for two half-spaces Z<<0
and Z >0, we will have, from (1.2}

s=v—B()+B*(x) B*()=—Vaer B(:)—Vy—2-B(") (1.5)

where B is an integral operator with the kernel

i1 |1—vsin®8 wvsinBcosd
nGR [vsinBcos® 1 —vcost®

G =} (G + 6) v="HhG(,GT + v G
R=Vz—2P+@—y), cs0=z—z/R sind=y—y/R

Gy, V=) are the shear moduli and Poisson's ratios of the body and the foundation.

Thus, a non-stationary boundary value problem (1.4), (1.5) has been formulated to determine
T{z, u.t). The following reasoning is used below to solve it. System (1.4) ({(taking (1.5} into
account) can be written in the form of a single inequality

%08 (To) > 18 (%0) (1.6)
which holds for any z,¥y,t and a selected T,, the solution of problem (1.4), among the functions
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T satisfying the inequality |T|<{ —p (0.;) 0z Indeed, the left and right sides of (1.6) are
zero in the adhesion domain, the left side agrees with the gquantity — p (0,) 0. |8 {1,) | in the
slip domain, while the right side does not exceed this quantity. The quantity 1, can be ex-—
tracted from the family T also in the form of the relationship

T8 (To)== max  Ts(T) 1.7
|tl=-p(0,,)0,,

We emphasize that unlike (1.7), the right side of (1.6) is not determined by the varied
function Tt. Consequently, the difference between the right and left sides of (1.6) does not
determine the increment of a certain functional. However, in some cases it can determine part
of the increment (linear, say) of a functional and then in the presence of its convexity this
is sufficient to give an equivalent extremal form to condition (1.6). Therefore, on the basis
of (1.6) and (1.7) different variational formulations can be obtained for the boundary value
problem, each of which possesses certain advantages.

2. Reduction to a sequence of stationary inequalities., Foundation of a
formulation in increments. we consider the problem in an interval t =10, Tl. Wwe
introduce the spaces V and V' of the function f{(z, ¥, {} with the normal defined by the equalities

T T
Iirv=S (pazayar, Jrppv=i110v+§ (rrdeayar @1
0 E o E

we will assume that f(fx, [} EV if fyp = V. Let K be the set { such that |f|<C — p (o)
GZZ'

Theorem 1. Let V&V, p(0,,}0,, & Ly (E), then the sclution of problem (1.4), (1.5) under
the initial conditions t {0) =1° is equivalent to finding the function T, K [} V' which
satisfies, for any T& K [} V', the evolutionary parabolic inequality

$18 (v0) — B* () — V(s — wo) dzdy dt > 0 22)
E

Sl

To (0): P, re {0, T}

Proof. The B and B* are, respectively, an operator with a weak singularity and a singular
integral operator. As is well-known /9/, they act from Lg(E) into ILy(E). Therefore, the

left side of (2.2) is defined.
If the function 7, satisfies conditions (1.4) Vie|[0,T] the following relationships are

obviously satisfied:

G () I (v}, Grg) = I (v}

(6m=((senrdaayar, 1y=—

oK

St

S P (3,,) 6, 1s () |dr dydt)
E

Hence, taking (1.5) into account we obtain the inequality (2.2).
To derive the boundary conditions from (2.2), we write (2.2) in the form GO G(x). As
in /10/, it can be shown that

‘E-;zgfgv,G (m) = TI{x)

from which these results
r
G (o) =1 (%), S S[s (%o} To+ £ (5,,) 6,, 15 (o) |} dr dy dt = 0
5B

Since Ts = K, we obtain that for almost all t and gz,y the equality

8 (%) To=—p{S,,)5,,|8(%)]

equivalent to the boundary conditions (1.4), is satisfied.

We will now consider methods of solving (2.2). We will reduce the evolutionary inequality
(2.2) to a sequence of stationary elliptic inequalities. We separate the segment [0, Tl into
equal intervals At = T/N. We examine the sequence of variational inequalities

S [B (T — k) — AtB* (7Y — vF AL (r — 1Y dady > 0 2.9)
B

| Dt
re=K, 0ChN—1, W=7, v":A—‘ g v (t)dt

..

kAt
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which are obtained by an implicit difference approximation /11/ of inequalities (2.2).
Theorem 2. For any fixed k and N the solution of (2.3) exists and is unique in L4 (E).
Proof. 'The kernel of the operator B* is skew-symmetric relative to the variables =z,v¥

and #,y; consequently for any 7%,7 the following equality holds

S B* (vg) dz dy = — ST,B‘ (vy) dz dy (2.4)
E B

Using the different structure of the kernel of the operator B and applying the Fourier
transform Fy with parameter §(§, §) taking the relationships
! gin' B cos’ i §
sin 6 cos’ 8 12%2 L L
F%(T)":Tﬂ_‘s‘» 0, /<2, i4j=2

into account, we obtain the inequality

- F 3
§ B (v)dzdy > ;IM" §_'_Elgl'_. gy dE, 2.5)

The monotonicity of the operator B — AtB* results from (2.4) and (2.5). This operator
is continuous in L, (E)/9/. Moreover, v¥Fe L, () for veV, the set K is convex and closed
in Ly (E). Satisfaction of these requirements ensures the existence of the solution.

An assumption about the possibility of two solutions 7, 7% and their substitution into
(2,3) will result in the inequality

i
W{ti—1) = -2—§ Bty —t)(ti—1y)dzdy L0 (2.8)

To prove the impossibility of (2.6) it is sufficient to show by virtue of (2.5) that

) i ETE—‘W I agat,>0 an

But if |* — Tl >0, then by virtue of the Parseval equality
§17; (v) — Fy (50) Pl > 0
3
from which (2.7) and the uniqueness of the solution of (2.3) result.

Now, let us integrate by parts on the left side of (2.2) and let us convert the inequality
to the equivalent form

YT

S [B(x') — B* (%) — v] (v — To) dz dy dt — (2.8)
E

%; [B(x — to)(v— w)dzdylizs, VieK NV, Vre[0,T]

In the terminology of /12, {2.2) and (2.8) are called, respectively, the strong and weak
forms of the variational parabolic inequality. Since it is assumed in the examination of
(2.2) that re V' (this is a narrower class of allowable functions than in /12/), then the
inequality (2.8) is equivalent to (2.2) /13/.

We construct the function wy (f) =V by means of 14", the solutions of (2.3), by
defining it by the conditions

wwlt) =t forte kAL, (k +1) AL, 0<E N — 1

Theorem 3. As N — oo (At— () weakly in V the functions Ty converge to the solution of
(2.8).

Proof. The sequence 1y () is bounded since it belongs to the bounded set K. Therefore,
a weakly convergent sequence in V can be extracted from it. We retain the notation vy for it.

If it is shown that the limit function +* satisfies inequality (2.8) and this solution
is unique, then the theorem will be proved since all the other sequences Tty should also
converge to **. To prove uniqueness it is sufficient to write (2.8) twice for Tg == ¥y, T =Ty
T =T, T=1 (t; are the assumed solutions) and then combine the results. Finally, we obtain
that inequality (2.6} should be satisfied for all r. Consequently, there cannct be two
solutions of (2.8).

We will now prove that ** satisfies inequality (2.8). We represent the variable function
te= KNV in the form of the limit of the sequence Ty e C ([0, T], Ly (£)) such that 1Ty, —7, Ty =T
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in V.
We will show that (2.3) is satisfied for T, = 1% 1= 1, and then we pass to the limit as
m — co, To do this we introduce the pilecewise-constant function 1, = T, (kAf), t & [kAL, (k4 1) 81,
1< N~1 and the piecewise-linear function
T = Ty (kA b 2 {Tr [k - 1) Af] — T, (kADY AL, t & (kAL
&+ 1) a1
Substituting ty, T, in place of 7, v, and ¥, respectively, in the left side of (2.8)
{denoted by I,,) below) we obtain

N--1

Ipp= 3 S (Bx,, [(k+1) At]— 1, (RAD)} — At [vF 4+ B* (53]}
k=¢g E

(5,0 [(k + 1) A} — v51) dz dy — _;_ S Bl(x, (NAt) —1,™)]

E
v, (NAt) — 1V dz dy + %.E B, (0) =ty (O] [1,, (0) — 7y (0)] dz dy

Now, if {(as in /12/, Ch.4), we sum the left side of (2.3) over kX and use the identity
(@a—b, ay=1,]apP—~4|bP~Y;]a—~bf, we then obtain that Ins >0, Thus, the validity of the
inequality {2.8) is established for fixed m, N.

We first pass to the limit as N« oeo (At—0). By virtue of (2.4) we will have

T r
S SB‘ () (x,, — 1y) dedy dt = g SB‘ (ty) T, dz dy di —
oFE o E

Qo

S B* (1%} 1, dz dy dt for Ty —7* weakly
£

The passage to the limit in the N remaining components of the left side of (2.8) is
performed taking monotonicity of the operator B as well as the fact that v -1y, v/— ),

K
V—v, Ty ~1* (weakly) into account. After this, we pass to the limit over k on the left side
of {2.8) by taking account of the properties of the approximation of v by the functions Tn.

Remark. The proof presented for Theorem 3 simultaneously establishes the existence of
the solution of the variational inequality (2.8) that belongs to the space V.

The original boundary value problem formulated in velocities is equivalent to the
eveolutionary inequality (2.2). The stationary inequality (2.3) can be set in correspondence
with the equivalent boundary value problem formulated in increments of the desired functions.
This is obtained from (1.4) and (1.5) by replacing the function s({t) by

At = vFAr — B (P41 — o8y 1 Ace (oF4Y) (&9
The proof of the eguivalence of (2.3) and the boundarv value problem in increments is

analogous to the proof of Theorem 1. Theorem 3 is the foundation for using the formulation
of the problem in increments.

3. Reduction to the solution of a sequence of minimization problems. birect
methods of solution /11, 14/ have been actively developed for stationary variational in-
equalities with a monotonic operator of the type (2.3). However, experience with their
practical utilization in solving three-~dimensional boundary value problems with conditions
in the form of inequalities still gives way to that accumulated in the realization of methods
based on the minimization of functionals.

We will now construct such methods for the problems under consideration. 1In conformity
with one of the means noted in Sect.2, we will try to select the functional for which in-
equality (2.3) is the sufficient condition for an extremum. The operator B*is non-symmetric,
and consequently, because of the presence of the term AfB* in {2.3), such a functional does
not exist in the general case. However, if the transfer velocities can be neglected, the
following theorem helds.

Theorem 4. In the case of slow body motions, the solution of the boundary value problem
reduces to a sequence of minimization problems for the smooth {(quadratic) functionals

, 1 .
1, IR S - B — Bl — v"Att'{v”] drdy, Ty°==1° 3.0
b Hisoto, 5, E

Proof. 1In the case under consideration (in the absence of the operator B*) inequality
(2.3) is the condition for positivity of the linear part of the increment of a quadratic
functional. As is well-known /12/, the equivalence of (2.3) and (3.,1) holds here (taking
account of the symmetry of the operator B). In the same sense as in Theorem 3, convergence
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of the solution of {3.1) to the solution of the original problem occurs.

Remark. The method of gradient projection /15/ using the procedure of step selection
proposed by Fedorenko has shown high efficiency in the numerical solution of problem (3.1).

Passage to the sequence of minimization problems can be realized even manually by using
an extremal relationship of the type (1.7) and holds for the general case of body kinematics.

Theorem 5. The solution of the boundary value problem reduces to a sequence of minimiz-
ation problems of non-smooth functionals of the form

min [~ p(0.)0n | A8 | — vHAS ] dody, = (3.2)
13 i, 0, £

where As™ (141, 7y*) is defined by (2.9).

Proof. We consider the boundary value problem (1.4), (2.9) formulated in increments. It
is seen from {(2.9) that As¥ ig the result of applying the operator B — AtB*, which is the
sum of symmetric and skew-symmetric operators, to the desired function 1’1'.;". An analogous

boundary value problem in which either a symmetric or skew-symmetric operator was concerned
was examined in /10/, where its equivalence to the minimization problem (3.2) was proved.

It turns out that the method of proof in /10/ carries over completely to the case considered
here of the presence of the operator B — AtB*. The convergence of the solution of the problem
(3.2) as N - oo (At—0) results from Theorem 3.

Remark. A special method* (*Fedorenko, R.P., A method for the numerical solution of
three~dimensional contact problems of roll with slip and adhesion. Preprint No.158, Inst.
Applied Math., USSR Academy of Sciences, Moscow, 1979.) based on combining the gradient
projection and linear programming methods has been developed for the numerical realization
of problems of the type (3.2}.

4, Qualitative properties of the solution. we will examine the formulation of
the problem in increments. We call the solution t® of problem (1.4), (2.9) with initial
conditions stable if Ved§, that from l|t° — 15 || << 8 the following inequalities result

70 —F ) <e VE=12,... (4.1

Here t*(T,) is the solution with initial conditions tie

As is well-known, the operator B acts from the space H'%y, (E) into the space  Hy, (E)
and is hence bounded /9/. Taking this as well as inequality (2.5) into account, we conclude
that the estimates

1
altly, o <W®= T§ Bvdzdy<althy, o 2)

hold for any <.
Furthermore, to analyse the stability of the solution we use the norm of the space
H_y% (E), which is the energetic space of the operator B, as follows from (4.2).

Theorem 6. Let ¥v' = v (z, y), Vk, then any solution of problem (1.4), (2.9) is stable.
Proof. We will show that the inequality W¥= W {(x¥ (1) — o¥ (v;»)) does not increase as k
increases. Indeed, by the positive-definiteness of the operator B we have

Wk _w¥ = = S B (V¥ (xo) — ofH1 () — . ) + & (%) (1k+1 () — o1 (%)) dz dy 4.3)
E

on the other hand, if we write inequality (2.3) twice, for il =1"(+"), 1= o (xy) and

5t = 1% (1), v= ™ (¢°), and then combine the results, we obtain that L<0. Therefore, we will
have the sequence of inequalities

al* @ — T EIPSH KW Sale —7, P
from which the stability of the solution obviously results.

Remark. The stability of any solution of the continuous problem (1.4}, (1.5) can also
be proved by using a continuous function of the time W ({# (the analgoue of the Lyapunov
function).

We will examine the case of slow body motions further. We consider the following integral
characteristics of the solution of a problem on simultanecus shear and rotation of the body
(vs = vs° — @y, vy = 1,° + 6z) for the interval te& [kAt, (k -+ 1) Atl:

ar =g o ydsdy, T = (b + sy
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1
- § [(va' + ) — (5 + <)yl dz dy,

(R N R A = Ty
;/(v P
which are, respectively, the work of the friction forces on rigid slips, the projections of
the total friction force acting on the body, on the coordinate axes, the rotational moment
of the friction forces around the body axis, and the projection of the total friction force
in the shear direction.

Theorem 7. The work of the friction force A¥ increases with time (as k increases).

FPor the proof we consider inequality (2.3) in the absence of transfer velocities. We
write it twice, for k=g, 1=1" kK=n-4 1, t=1" and we then combine the results. We will
therefore have

% S VAL TR gL (g rk)] dedy> W (zFH— rk) LW (P

E

Hence A™1— A" 0.

Corollary 1°. Let o = 0. Then the projection of the friction force in the shear
direction increases with time.

2°. et =0, B’ =0, v.°>0 ("=0, »,°>0). Then the projection of the force T* (T,
on the xz{y) axis increases with time.

3¥. Let »’ =1y, =10, ©>0. Then the moment of the friction force M* increases with
time.

These assertions result from the fact that the equalities

T*= A [V @F + @ P AL Tra/vaht), M* = A*j(At)

hold under the conditions specified in them.

The author is grateful to R.V. Gol'dshtein for useful remarks.
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